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Abstract 

Let A be an augmented algebra over a semi-simple algebra S. We 
show that the Ext algebra of S as an A-module, enriched with its natural 
A-infinity structure, can be used to reconstruct the completion of A at the 
augmentation ideal. We use this technical result to justify a calculation 
in the physics literature describing algebras that are derived equivalent 
to certain non-compact Calabi-Yau three-folds. Since the calculation pro- 
duces superpotentials for these algebras we also include some discussion 
of superpotential algebras and their invariants. 
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1 Introduction 

There are now various examples known of the phenomenon whereby a variety 
X can be derived equivalent to a non-commutative algebra A. The pioneering 
example is due to Beilinson |2] who proved that the derived category of P" is 
generated by the line bundles O, ...,C(n). This equivalent to saying that the 
functor 

n 

RHom(0 C»(z), -) : D^(P") ^ D\A) 

i=0 

is a derived equivalence between P" and the non-commutative algebra 

n 

A:=End(0OCO) 

1=0 

In fact compact examples like this are rare, much more progress has been made 
for non-compact examples, in particular for local models of resolutions of sin- 
gularities [TU],[3g. 

The phenomenon is also well known in the physics literature. There the 
variety X should be a Calabi-Yau threefold, and we study the type II superstring 
compactification on X . Type B D-branes in the theory correspond to objects in 
D^{X). It has been known since the work of Douglas and Moore [Hj that if a D- 
brane sits at the centre of a singularity the effective theory on its world- volume 
is a gauge theory whose content can be described by a quiver diagram. This 
is the same as the mathematical results - the quiver diagram is a presentation 
of an algebra A which is derived equivalent to a resolution of the singularity. 
Since then other physical approaches (e.g [T7]) have been found that produce 
an effective quiver gauge theory from branes on X. 

The example that we are interested is when X = uj is the canonical bundle 
of a del Pezzo surface Z. This a Calabi-Yau three-fold, and it is again 'local' 
in that we may think of it as the normal bundle to an embedded surface in 
a compact Calabi-Yau. A first step in describing D^iuj) is to describe D^{Z), 
and we specified that Z should be a del Pezzo because in that case Beilinson's 
approach has been generalised. What we do is find a special collection of line 
bundles {Ti} on Z that generate D^{Z), then as before Z is derived equivalent 
to 

A :=Endz(©»r,;) 

As Bridgeland observed in [5|, we have a similar description of the derived 
category of lo. If we pull up the Ti via the projection t: : to —^ Z we find that 
they still generate the derived category, so uj is derived equivalent (under one 
further assumption) to 

i:=End^(®,7r*rO 
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Both A and A can be presented as quiver algebras (with relations), where the 
nodes of the quiver correspond to the line bundles in the collection. Suppose 
we have such a presentation of A. What do we have to do to it to produce a 
presentation of Al 

This was the question addressed, in rather more physical language, by As- 
pinwall and Fidkowski in Ij. This paper is a mathematical interpretation of 
their work, and of related physics papers ([2], [26], [6] etc.). For the remainder of 
this introduction we will discuss the answer to this question, leaving out many 
subtleties and technicalities. 

Suppose we have a presentation of the algebra A as the path algebra of a 
quiver Q (with relations), where nodes of Q correspond to the line bundles T^. 
Then an A-module is precisely a representation of the quiver that obeys the 
relations. We have some obvious one-dimensional modules Si which are the 
representations with just a one-dimensional vector space at the ith node. The 
direct sum 

i 

of these is a representation which is onc-dimcnsional at each node and with all 
the arrows sent to zero maps. 

If we pick projective resolutions of each Si then we can form the dga 

RHomA(<S,5) 

and then, using the process of homological perturbation ([16] etc..) transfer 
the dga structure to an Aoo-structure on its homology FixtA{S,S). Of course 
since A is derived equivalent to Z we could also view the Si as being objects in 
D''{Z) and compute this Aoo-algebra there. 

Now we consider the algebra A corresponding to ld. This is also a quiver 
algebra on the same number of nodes, so has a similar set of one-dimensional 
modules 5*^. It is easy to show that under the derived equivalence these map to 
the objects 

i^S^ e d\uo) 

where l : Z lo is the zero section. We can again form the sum 

S = ^Si 

i 

and the Aoo-algebra 

Ext^(iS, S) = Exti^(i,5, t,5) 

This new A^o algebra has a straightforward relationship with the previous 
one. By resolving the structure sheaf of the zero section and using Serre duality 
on Z one easily shows 

Ext^(t,5,i,5) ^ Extz(<S,5) ® Extz(5,5)[3]^ (1.1) 

The two summands are dual under the Calabi-Yau pairing on D^{lo), and the 
Aoo structure should be cyclic with respect to this pairing. In fact with a little 
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more work one can show that the Aoc structure is given by formally extending 
the Aao structure on Extz{S, S) to make it cyclic. We call this procedure cyclic 
completion. 

Now we come to the key point: 

Claim 1.1. The algebra A is determined by the Aoo-algehra ExtA{S,S), in that 
if {jT^i] fl'^e the AoQ-products on ExtA{S,S) then the map 

{®imi)'^ : Exf^{S,S)'^ T'Ext\{S,Sy 

is a presentation of A. Similarly the Aoc-algebra 

Ext^{S,S) 

gives rise to a presentation for A. 

This says that generators for A are given by (the dual space to) Ext\(5,5) 
and relations are given by Ext^(5,5), with the form of the relations being 
determined by the Aoo structure. If we split S into its summands we see that 
this presentation is actually of a quiver algebra: the generating arrows between 
nodes i and j are given by Ext^(S'i, Sj), and the relations on paths between i 
and j are given by Ext^(S'i, Sj). 

This claim is the hard part of the argument, and Section [2] of this paper is 
devoted to the discussion and proof of it. However for now we put it to one side 
and return to the question of determining A. 

Suppose that we have a presentation for A of the form given in Claim 11.11 
What is the corresponding presentation of A? Using (jl.ip : 

Ext^(^„ Sj) = Ext^(S',, Sj) ® Ext\(Sj,S,)'^ 

and 

Ext\{S,,Sj) - ExtliS,, Sj) ® Ext\iSj,S,)'' 

So the answer is that for each existing relation on paths from node j to node 
i we should insert a new generating arrow going from i to j. Then for each 
existing generator going from i to j we put on one extra relation on paths going 
from j to i. To understand what the form of the relations should be we need to 
unpack our definition of 'cyclic completion'. It is easier to express the result if 
we introduce the notion of a superpotential. 

In fact from the physics perspective, working out the superpotential is the 
primary goal, as it specifies the quiver gauge theory coming from lu. For the 
moment however we shall treat it just as the following little trick from linear 
algebra. The spaces Ext\{S,S) and Ext\{S,S) are dual under the Calabi-Yau 
pairing. Therefore the presentation 

Ext\{S,S)'^ T'Ext\{S,S)'^ 

alluded to in Claim 11.11 is given by an element 

W e T'Ext\{S,S)'^ 
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This is the supcrpotcntial for A. It is a formal non-commutative polynomial in 
the generators, and taking partial derivatives of it one recovers the relations. It 
is moreover cyclicly symmetric since the A^^ structure is cyclic. 

Now wc can state the result. Suppose A is given by generators {.xi, ...,Xi} 
and relations {pi,...,pj} (which are formal expressions in the Xi). Then the 
algebra A is generated by the set {xi, ..,Xi,yi, ...,yj} with relations coming 
from the superpotential 

cyclic 3 
permutations 

1.1 An example 

We illustrate the procedure with the prototypical example of P^, with the line 
bundles Tj = C(i), i = 0,1,2. The endomorphism algebra A of this collection 
is given by the Beilinson quiver 




subject to the relations 

xoyi - yoxi = 
yozi - zoyi = 

ZqXi — XqZi = 

Now wc pass to the local Calabi-Yau oj = ^^(P^, —3), and pull up the line 
bundles. This corresponds to cyclically completing the quiver algebra. Firstly 
we insert extra arrows, dual to the relations. We have three relations, each of 
which applies to paths from Tq to T2. Hence we should insert three dual arrows 
from T2 to To, so A is generated by the quiver 




3:2,^2,22 



The superpotential is given by multiplying these new arrows by their corre- 
sponding relations, so it is 

W = ^ {xoyi - yoXi)z2 + (yo^i - zoyi)x2 + {zqXi - xoZi)y2 

cyclic 
permutations 

= e'^''xiyjZk 
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Now we compute the relations in A, which are given by taking formal partial 
derivatives of W. Taking derivatives with respect to the new generators just 
gives back the original three relations. Taking derivatives with respect to the 
original generators gives six new relations, each of which is a commutativity 
relation of the form of the one of the original relations but lying between a 
different pair of nodes. 

According to our prescription the resulting algebra A should be 

End^(7r*0 © n*0{l) © n*0{2)) 

This is easily seen to be correct, since the latter is given by 



TT*0{11 




XT.yr.zT 



where t is the tautological section of 7r*0(— 3). 

I. 2 The physical argument 

It is instructive to look at the physical arguments involved in justifying Claim 

II. 11 The set-up is type II superstring theory on the ten-dimensional space 
w X R^'^. We have a D3-brane, which is a (3 -I- l)-dimcnsional object, extending 
in the flat directions, so from the point of view of ld it is just a point p. The 
effective (i.e. low-energy limit) theory on the world-volume of this brane is a 
gauge theory on R^'^. The quiver diagram for A specifics this gauge theory - 
the nodes are C/(l) gauge groups, the arrows are fields, and the relations are 
constraints on the fields. 

In terms of the derived category this D3-brane is the skyscraper sheaf Op. 
Under the derived equivalence between Z and A this gets mapped to the A- 
module 

RHom^(0 7r*T„ O^) = ^{n*T^)\p 

i i 

This is a quiver representation that is one-dimensional at each node. 

The moduli space oip is obviously just ld. However, on the other side of the 
derived equivalence it is also a moduli space Ai of quiver representations that 
are one-dimensional at each node, physically this is the vacuum moduli space 
of the quiver gauge theory. We can construct this space as follows. Suppose we 
have a presentation of A as a quiver algebra with generating arrows V and some 
relations. Then a (1, l)-dimensional representation is just an assignment of 
a complex number to each generating arrow, such that the relations hold. This 
means that the space of such representations is a subvariety of cut out by the 
relations. Finally we must quotient this space by the gauge action of C* x ... x C* 
given by changing the bases of the vector spaces at each node. 
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We now pick a Kahler metric on uj, which gives us a notion of stability for 
branes, and then deform the Kahler class to the limit where the metric collapses 
the zero section Z to a point. If our D3-brane was sitting at a point p ^ Z then it 
becomes unstable in this limit, and decays into a collection of so-called fractional 
branes, the Si. We can see this mathematically in the construction of 7W. When 
we take the gauge group quotient we should really pick a character x of the gauge 
group and form the GIT quotient M^. For appropriate characters this should 
make the stable representations correspond precisely to points p £ OJ, and thus 
JVl^ = UJ. But if we set x — ^ then all representations corresponding to points 
in Z become semi-stable and S-equivalent to the origin in 1/^, which is the 
representation ^^Si. The moduli space Ai^ is then the singularity obtained 
by collapsing the zero section in ld. 

Now the physics of the D3-brane is encoded in the superpotential W for 
the quiver gauge theory. This means that the equations of motion for p are 
the partial derivatives dW . However from the construction of M. we know that 
the equations restricting p are precisely the relations in A, so in fact is a 
superpotential in the mathematical sense for the algebra A. 

On the other hand we can also see the behaviour of p by deforming ©5^, 
since the deformation space is just M. These deformations will be governed by 
the Aoo-algebra 

Ext^(©S'j,®5'j) 

in the sense that if W' G T'(Ext^)^ encodes the A^o structure then the critical 
locus of W' is the deformation space of ®iSi. Thus W = W \s the superpoten- 
tial for the quiver gauge theory, and hence for the algebra A. 

1.3 Notation and basics 

We will work over the ground field C, although Section [2] works over an arbitrary 
ground field, and Section [3] works over any field of characteristic zero. Algj- is 
the category of associative unital C-algebras. Undecorated tensor products will 
be over C. 

We will also need the category C-bimod of bimodules over the semi-simple 
ring C. We denote the obvious idempotents in C by li,. then any 
V G C-bimod is a direct sum of the subspaces 

Vrj := U.V.lj 

We may think of F as a 'categorified' vector space. 

Let Algp be the category of C-algebras, i.e. associative unital algebra 
objects in C-bimod. Equivalcntly this is the category of C-linear categories 
whose objects form an ordered set of size r, if we only allow functors that 
preserve the ordering on the objects. 

Any algebra A G AlgJ^ may be pictured as a quiver algebra (with relations) 
- just pick a basis for each Aij, then A is a quotient of the path-algebra of 
the quiver with r nodes and arrows given by the basis elements. We may also 
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consider A as an object of Alg^ equipped with an ordered complete set of 
orthogonal idempotents {li,...,!^}. 

If V is any C-bimodule then it generates a free C-algebra 

TV := ^ y^c- " 

n 

and a completed algebra 

TV := Yl 

n 

AlgJJ. admits a symmetric monoidal product ^ given by 

{A^B)ij = Aij (g) By- 
Note that this is certainly not A B, in general A B does not have 
an algebra structure. 

An augmentation of an algebra A e Algj. is a splitting p : ^ — > C of the 
inclusion C ^ A of the identity arrows, or cquivalcntly a choice of a two-sided 
ideal A C A such that A/ A = C". Alternatively we may think of A as an 
algebra in Alg^ for which we have chosen r C-points p : A^ and then split 
p. We denote the category of augmented algebras by AlgJ". Morphisms must 
respect the augmentations. 

A module always means a left module. If we are picturing A e Alg^ as a 
quiver algebra then a module over A is precisely a representation of the quiver 
(that respects the relations). It is also the same as a functor A — > Vect. 

1.4 Acknowledgements 

Thanks to Kai Behrend, Lievcn Lc Bruyn, Tom Coates. Alcssio Corti, Joel 
Fine, Dominic Joyce, Alistair King, Raphael Rouquier, Jim Stasheff and Balazs 
Szendroi for many helpful conversations, comments and ideas. Particular thanks 
are due to Kevin Costello and Paul Scidcl for their help and hospitality at 
the University of Chicago, and to Tom Bridgeland and Simon Donaldson who 
examined this material when it was presented as my doctoral thesis. Finally 

1 owe an enormous debt to my supervisor Richard Thomas, for teaching me 
(amongst other things) that having a concrete example sometimes means more 
than just specifying the ground field to be C. 

2 The Aoo Deformation Theory of a Point 

In this section we address the following claim, which we made in the intro- 
duction: suppose we have an appropriate set {Si} of one-dimensional mod- 
ules for some algebra A. Then we can reconstruct A from the ^oo-algebra 

ExtA{®Si,®S,). 

In fact if we assume that A is graded, and that Aq = (BSi, then this statement 
has been part of the mathematical folklore for some time. The result is claimed 
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(although not proven) by Keller [TH] for a particular class of graded algebras, 
and his statement is closely related to a result of Laudal [25], who uses the 
terminology of Massey products. The fullest investigation to date appears to 
be the work of Lu, Palmieri, Wu and Zhang 

Let us start by explaining the statement a little. Let A be an N-graded 
algebra over C, and for simplicity let Aq = C. Now suppose we are given a 
presentation 

A = TV/{lR) 

so A is generated by a vector space V, modulo the two-sided ideal generated by 
a space of relations R under an inclusion 

Assume that the presentation is minimal, in the sense that V and R are of 
minimal dimension. Then using the free resolution 

...^A^R^A^V-^A^C-^O 

of C = Ao it is elementary to show that V must be dual to Ext^(C, C), and 
R must be dual to Ext^(C, C). Hence we might ask: if we are just given 
Ext^(C,C), can we recover A? 

We know immediately that A is generated by the space V := (Extii(C,C))^, 
and that relations are counted by the space R :— (Ext^(C, C))^, but we still 
need to know what form these relations take, i.e. we need the map 

l:R^TV 

or dually, a map 

l"" : fExt\(C,C) ^ Ext^(C,C) 

We certainly have something that might be a part of this map, namely the usual 
Yoneda (wedge) product, which is a map 

Ext^(C,C)®2 ^Ext^(C,C) 

If we knew that our relations were purely quadratic then we might reasonably 
conjecture that this dualising this map gave a presentation of A. In fact although 
this is true for many algebras it is false in general - the study of those algebras 
for which it works is the subject of classical Koszul duality. What happens when 
our relations are definitely not just quadratic? Then we would need, in addition 
to the bilinear Yoneda product, some 'higher' multi-linear products 

m^ : Exti(C,C)®* ^ Ext^(C,C) 

Fortunately these higher products do exist (though not quite canonically) , they 
form an Aoo-structure on Ext^(C, C) which measures the failure of the dga 
RHom^(C, C) to be formal. Furthermore when you dualize they do indeed give 
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a presentation of A. It is this result (essentially our Theorem I2.16P that is 
proven by [l^ . 

One of our original aims was to prove this result for the case Aq — C, i.e. 
when A is a graded quiver algebra (with relations) on r vertices. However, given 
the proof in [55] this is easy - you simply change your ground category from 
vector spaces to the category of C^-bimodules (which one may picture as vector 
spaces strung between r vertices) and the same proof works. Instead we take a 
different tack which we feel is a bit more conceptual. 

It seemed to us that the graded hypothesis was a little unnatural. We instead 
ask what happens if we take an arbitrary algebra A with a one-dimensional 
module S and perform the same construction, i.e. take the Yoneda algebra 
Fixt a{S, S) equipped with Aqo products {rrii}, then dualize the map 

m = (Sirrii : TE^t\{S, S) Ext^(S', S) 

to get the presentation of a new algebra 

(mVExt^(S',S')v) 

What is this new algebra? Firstly note that a one-dimensional module is just 
a map p : A ^ C Hence if A is commutative then this is simply a closed 
point of the affine scheme Spec(A), and the module is its sky-scraper sheaf. It 
is then geometrically obvious that the algebra E can only depend on a formal 
neighbourhood of the point p. In fact the result is that E is precisely the formal 
neighbourhood of p, i.e. it is the completion of A at the kernel of p. We explain 
this result (which contains nothing new) informally in Section [2. 11 the key point 
is that the Aoo-algebra ExtA(<S', 5) controls the deformations of the module S 
and hence those of p. 

This is of course the case r = 1 , in general we wish to pick r points 

p^(Bp^■. A-^C 

so that C becomes an A-module (strictly speaking we must also choose a split- 
ting of the the map p, so this is more like choosing a single point of a C-algebra) . 
Then our main result (Theorem l2.14|) is that performing the above construction 
on ExtA(C'", C) again produces the completion of A at the kernel of p. 

If we stick with a commutative A then this generalization is trivial, since 
ExtA(C'", C) splits as a direct product over the different points. If A is non- 
commutative however this is no longer true and the proof becomes rather more 
difficult. In particular it is not correct to study deformations of C as an A- 
module, instead one should follow [5S] and study non-commutative deformations 
of the category whose objects are these r one-dimensional modules. The tech- 
nical challenge of this paper is checking that the sketch proof given for the 
r = 1 commutative case continues to work in the general setting, which means 
firstly checking that the non-commutative deformations of a set of modules are 
governed by the Aoo-category of their Ext groups (Section 12. 2p and secondly 
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relating deformations of a set of one-dimcnsional modules to deformations of 
the corresponding set of points (Section [2^ . 

Having understood this more general situation it is then straightforward to 
deduce the required result for graded algebras, which we do in Section [^T^ This 
is because the completion of an N-graded algebra at its positively-graded ideal 
contains the original algebra in a natural way. 

2.1 A geometric sketch 

Let X = Spec A be an affine scheme over C, and let p : ^ — > C be a point. 
Obviously the formal deformations of p see precisely a formal neighbourhood of 
p in X, the algebraic way to say this is that the formal deformation functor of 
p is pro-represented by the completion Ap of A at the kernel of p. 

It is easy to show that the deformation theory of p is precisely the same 
as the deformation theory of the associated 'sky-scraper' sheaf Op, i.e. the 1- 
dimensional A-module given by p. In accordance with the philosophy of dga (or 
dgla, see Remark l2.1|) deformation theory, the deformations of Op are governed 
by the differential graded algebra RHomx(Op, Op), by which we mean that 
formal deformations of Op are formal solutions of the Maurer-Cartan equation 

MC : RHom^(Op, Op) -> RHoni^ (Op, Op) 

MC{a) ■.= da + a^ ^0 

taken modulo the 'infinitesimal gauge action' of RHom^(Op, Op). This resulting 
'formal deformation space' is, as we just said, simply the formal scheme Ap. 

According to Kontsevich [21] the formal deformation theory attached to a 
dga is a homotopy invariant, so we may replace our dga by any quasi-isomorphic 
Aoo-algebra and compute the deformations there instead. The Maurer-Cartan 
equation picks up higher terms from the Aoo structure and becomes the Homo- 
topy Maurer-Cartan equation: 

HMC{a) :=^m,(a®*) = 

i 

and there are similar homotopy corrections to the gauge action. In particular, 
using the process of homological perturbation, we may replace RHomx (Op, Op) 
by its homology Extx(Op, Op) equipped with an appropriate Aoo-structure. 

bmce Ext^ (Op, Op) = C, the gauge action is now trivial, so the formal 
deformation space is the formal zero locus of 

HMC : Ext^(Op, Op) ^ Ext|(Op, Op) 

The algebra of functions on this formal scheme is the formal power series ring 
on Ext^ modulo the ideal generated by the C-linear dual of HM C, so we have 
shown 

C[[Ext^(Op,Op))^]] 
(i?A/C^(Ext^(Op,Op)^) ) " 
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This says that formally around p, X is cut out of TpX by the HMC equa- 
tion, with Ext^(C'p, Op) being a canonical space of obstructions. Of course 
if p is a smooth point the denominator of this expression should vanish, since 
there are no (commutative) obstructions. However in that case Ext^ is pre- 
cisely the commutativity relations, which tells us that we are really measuring 
non-commutative obstructions, and that the numerator should really be non- 
commutative power series. 

Remark 2.1. It is more traditional to control deformations with dg-Lie (or Loo) 
algebras, but in this paper we will always in fact have a dg (or Aoo) algebra. 
We should really take the associated commutator algebra, as this is all that the 
deformation theory depends on, but we shall not bother to do so. 

2.2 Deformation theory of sets of modules 

Let A e Alg£ and let M ~ {Mi, Mr} be a set of A-modules. We show how 
the non-commutative deformation theory of M as developed by Laudal 25 may 
be viewed as a dga deformation problem. 

If we wanted to deform a single module M then we would just deform the 
module map 

^ : A -> Endc(M) 

When we have a set of modules we can form the endomorphism algebra 

Endc(yW) := Endc(®,Af,) 
and we could deform the map 

ix = : A Endc(>l) 

If we just treat this as a map of C-algebras and deform it then we are just 
studying deformations of (BiMi as an A-module. We wish to do something 
slightly different, and use the fact that Endc(A^) is actually a C-algebra. 
Recall that Alg^*^ is the category of augmented algebras over C. Let 

Art£ C Alg^'- 

be the subcategory of consisting of algebras {R, m) for which the augmentation 
ideal m is nilpotent. Of course Art^ is just the category of Artinian local (non- 
commutative) C-algebras. Recall also the product of two C-algebras that we 
defined by 

{A^B)ij = Aij ® By- 
Definition 2.2. ^25] For (i?, m) G Art^., an i?-deformation of is a map of 
C-algebras 

fiR-. A^ Endc{M)®R 
which reduces modulo m to the given module maps 

: A ^ Homc(M„ M,) 

i i 
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Two i?-dcforniations arc equivalent if they differ by an inner automorphism of 

C- algebras in Endc(Al)®-R. 

Let VefM '■ Arte ~* be the resulting deformation functor. 

We are going to present this as a dga (and later A^) deformation problem. It 
is well known that the deformation functor of a single module M can be seen as 
a dga deformation problem - it is controlled by the dga RHom^(M, M). We now 
show that a similar statement is true for our deformation functor VefM-, but 
since we are deforming C-algebras we look not for a dga but for a dg-category 
with r objects. 

Definition 2.3. Let {A*,d,m) be a dga over C. The deformation functor 
associated to A is the functor 

Vef^ : Art£ ^ Set 

which sends {R, m) to the set 

{aGA^^m: da + m{a (g) a) ^ O} / ^ 

where the equivalence relation ~ is given by taking the exponential of the fol- 
lowing action of the commutator Lie algebra of .A^^tn 

6 : a — > a + dfe — [6, a] 

For our deformation problem the obvious choice of dg-C-algebra is 

RRom a{M, A^) = RHom A{Mi, Mj) 

This is only defined up to quasi-isomorphism. To produce models for it we need 
to resolve each Mj, which we may do using the following standard construction: 

Definition 2.4. For an A-module M the bar resolution of M to be the complex 
of free A-modules (concentrated in non-positive degrees) 

B{A,M)-* := A®*+^(8)M 

with differential given by 

t 

d(oi(8)...(8)at(8)m) = ^(-l)*ai(8)...(8)as-ias(g)...(g)at(8im - (— l)*ai(8)...(8)atm 

Lemma 2.5. The module map A® M ^ M induces a quasi-isomorphism 

II : B{A,M) M 

Proof. Since A is unital is a surjection, and B{A, M) is acyclic in all negative 
degrees since 

d{lA (g) b) = b - 1a O d{h) 
for any b e B(AM)<o. □ 



13 



Hence one model for RHom^(A1, is given by the dg-category £ whose 
hom-sets are 

£ij := Yi.omA{B{A,Mi),B{A,Mj)) 

However there is a simpler candidate. Consider the dg-category H whose hom- 
sets are 

Hij ■.= lioiaA{B{A,Mi),Mj) 

with composition 

{/•g){ai^...^as+t+i^m) := f{ai^...^as+i^g{lA^as+2^ — ^as+t+i^m)) 

for homogeneous maps /, g of degrees s and t. This composition was obtained 
as follows: B{A,C) is naturally a coalgebra under the 'shuffle' coproduct, and 
B{A, M) is a comodule over it. We are letting f • g = J{li)^ g)n, where fx is the 
comodule map. Now for each i,j we have a quasi-isomorphism 

H--B{A,M^)^M^ 

which induces a quasi-isomorphism of chain complexes 

(since the B{A,My arc free). These do not form a map of dg-categories since 
they do not respect the compositions, but they do have a right-inverse which is 
a map of dg-categories: 

Lemma 2.6. Let 

* : ^ f * 

he given by 

*(/)(«! ® ••• o-s+i ® m) := ai ig) ... a^-t+i (S) /{Ia as-t+2 'S> ■■'S> a^+i <8) m) 



for s >t 

*(/)(ai (g) ... (g) tta+i O m) := 

for s <t. Then is a map of dg-categories such that (i-io)^ = l-n, hence it is 
a quasi-isomorphism of dg-categories. 

Proof. Elementary (though tedious) from definitions. □ 

We use this model H for KRomA{M,M) to show that this dg-category 
controls the deformations of A4, at least (as in the single module case) up to 
module automorphisms of the Mj. 

Proposition 2.7. VefM is a quotient by j4Mt^(0. M^) of the deformation 
functor Vefu associated to the dg-category li. 
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Proof. Let R be an object of Art^. Using the splitting i? = C © m we can 
write any i?-deformation /i/? of M as 

i 

where fin : A ^ Endc(A^)0m. The i?-points of Vefn are those (equivalence 
classes of) elements of 7i^®m that obey the Maurer-Cartan equation. However, 

®m = HoniA (A®^ (g) M, , Mj ) niy 

= Home Home (M, , Mj ) ) 

= Home(A, Endc(X)®m) 

and for an element fiji € 7i^®m the Maurer-Cartan equation is precisely the 
condition that 0^ /i^ + /i/j is a map of algebras. 

Now we compare the equivalence relations on each side. The class of /.ijj = 
®i t^i + A'-R ill T^c-.fM{R) is its orbit under conjugation by the the subgroup 

Stab(0M,) 

i 

of the group of invertible elements in Endc(A^)®i?. We have the obvious fac- 
torization 

(l-HEnde(7W)0m) ^ Stab(0/^,) ^ Aut^(0M,) 

i i 

The Lie algebra of (1 + Ende(A^) is the commutator algebra of 

Ende(A^)®m = 7f®m 

The equivalence relation on I?e/>^(i?) is given by integrating the 'infinitesimal 
gauge action' of 'H^®m, but this action is precisely the derivative of conjugation. 
Hence the orbits in VefMiR) ^^'^ quotients of the orbits in VefniR) under 
the residual action by Autyi(0^ Mi). □ 

Corollary 2.8. // the Mi are simple and distinct then VefM = T^^fn 

In light of Lemma [2?6l the homology of TL is the category 

ExtA(A^) = Ext^(M„ M,) 

Using homological perturbation, we may put an Aoo-structure on this category 
(unique up to Aoo -isomorphism) such that it is Aoo-quasi-isomorphic to Ti. We 
can now use this Aoo-algebra to compute the deformation functor of M.. 
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Definition 2.9. Let {A*,mi) be an ^oo-algebra over C. The deformation 
functor associated to A is tlie functor 

VefA : Art£ Set 

wliicli sends {R, m) to tlie set 

a e A^^m; ^ mi{a) = o| / 

Th.e equivalence relation ~ is generated by the following map from A'^^rn to 
vector fields on A^^m: 

n—l 

b:a^a + y"(-l)"("+i)/2_ y"(-l)*m„(a®* (g) 6 ® a®""*-!) 

n>l t=0 

We have obtained this from the usual definition of the deformation functor 
of an Loo-algebra (e.g. f2fi,) in the case that the Loo-algebra is actually the 
commutator algebra of an Aoo-algebra. 

Corollary 2.10. VefM *s o, quotient by AutA^^i -^'^«) of the deformation func- 
tor associated to the Aao- category ExtA{M). 

Proof. It is standard (e.g. [21]) that for Aoo-algebras over a field the usual com- 
mutative deformation functor is a homotopy invariant. The key point of the 
standard proof is that any Aoo-algebra is isomorphic to the direct sum of a min- 
imal one and a linear contractible one, but in fact this holds when the base cat- 
egory is any semi-simple linear monoidal category [27j so it works over C". The 
remainder of the proof consists of checking three things: that Aoo-morphisms 
induce natural transformations of deformation functors, that deformation func- 
tors commute with direct sums, and that the deformation functor associated to 
a linear contractible Aoo-algebra is trivial. These are easily checked to hold for 
our non-commutative deformation functors as well. □ 

2.3 Deforming a set of points 

Let ^ be a C-algebra, and let p : A ^ C be a set of r C-points of A. Each 
point Pi : A ~> C gives a one-dimensional ^-module which we call Op^. We 
wish to relate the deformations of the points p to the deformations of the set of 
modules M := {Op J. 

In fact to achieve this in the way that we want we have to start with a little 
more data - we have to choose a splitting of the map p, so that A becomes an 
augmented C-algebra. Then we can consider deformations of the map p in the 
category Alg^, these are just C-algebra maps 

Pr:A^R 
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where R e ArtJJ. and pn reduces to p modulo the augmentation ideal in R. In 
other words pr must be a morphism of augmented C' -algebras, so the defor- 
mation functor of p (in Alg^) is 

Algl^iA, -) : Art£ -> Set 

How does this relate to the deformation functor Vc/m of the set of the modules? 
Proposition 2.11. For any {R,m) G Art^ there is a functorial isomorphism 

VefMiR) — -^lgc'^(^i^) / {Inner C -algebra automorphisms} 
Proof. Recall (Definition 12. 2|) that VefM [R) is the set of C-algebra maps 

Pr: A-^ Endc(A^)®i? 

that reduce to p modulo m, taken up to inner automorphism of C-algebras. Now 
the hom-sets of Endc(A^) are all 1-dimensional, so 

^ndc(M)®R = R 

for any R (this fact is the reason that we defined our deformations in terms of 
the product ®) . So to prove the proposition we just need to check that C-algebra 
maps A R that preserve the augmentations are the same thing as augmented 
C-algebra maps, once we have quotiented out by inner automorphisms on both 
sides. This is done in the following lemma. □ 

The difference between an inner C-algebra automorphism of R and an inner 
C-algebra automorphism is that the former is conjugation by an arbitrary ele- 
ment r Cz R whereas for the latter we must take r from the diagonal subalgebra 

^R^^ C R 

i 

in order to preserve the C-algebra structure. 

Lemma 2.12. Let {B.p) he an augmented -algebra in Alg^*^ and let 
(i?,m) e Artp. Then maps of C-algebras B R preserving the augmentations, 
taken up to inner automorphism of C-algebras, biject with maps of augmented 
C^ -algebras B ^ R taken up to inner automorphism of C^ -algebras. 

Proof. Obviously C-algebra maps form a subset of C-algebra maps, and if two 
C-algebra maps are conjugate as C-algebra maps then they are also conjugate 
as C-algebra maps. Hence it is suffient to prove that if / : i? ^ i? is a C-algebra 
map preserving the augmentations then it is conjugate to a map of C^-algebras. 
Let li denote the «th direct summand of the identity (i.e. the identity arrow at 
the ith object) in either B or R. Since / preserves the augmentations we must 
have 

/(li) = \i+mi 
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for some elements nii G m, and since / is an algebra map we must have {1^ + rrii} 
a complete orthogonal set of idempotents. If we conjugate by the element 



1, + ma, = 1 + ^ mil; e i? 

i i 

(which is invertible since m is nilpotent) then we get a map that sends li € B 
to li G R for all i and hence is a map of C-algebras. □ 

Now we consider the equivalent description ('Corollarv l2.10[) of our deforma- 
tion functor VefM as being the deformation functor 'DefExt(M) associated to 
the Aoo-category Ext^(AI). 

Firstly recall the construction (discussed in the Introduction) of an algebra 
from the degree one and two parts of an A^o algebra. Let the higher products 
on ExtA(A^) be denoted m^. The degrees of the dictate that for all i 

m. :Ext^(7W)®' ->Ext^(7W) 

The direct sum of all these maps is the homotopy Maurer-Cartan function 

HMC = mi : T(Ext^(A^)) -> Ext^(7W) 

i>0 

The rrii and HMC are all maps of C-bimodules. Now given a C-bimodule V , 
its C-lincar dual V'^ = Homc(V, C) is also a C-bimodulc. Dualizing the map 
HMC in this way we get a map 

HMC" : Ext^(7W)'' T'(Ext^(X)^) 

Quotienting by the two-sided ideal generated by the image gives us a C-algebra 

(Ext^(A^)v) 

This is naturally augmented because there is no mo term in HMC . 

We claim that this algebra is (nearly) the ring of functions on the formal 
deformation space associated to Extyi(A^). Our use of the word 'space' here 
is a little shaky, since this is a non-commutative C-algebra and we are not 
proposing to define Spec of it! Nevertheless the statement makes rigourous 
sense if we interpret it at the level of deformation functors. 

At this point we must insert an extra assumption. 

Proposition 2.13. Assume that Ext\{Op^,Op.) is finite- dimensional for each 
i,j. Then for any (i?,m) G Art^ there is a functorial isomorphism 

'DefExt{M){R) = Algc'^ ^ '^{Exf^{My) ' ^ ^ {Inner C-algebra automorphisms 
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Proof. Ignoring the gauge group for a minute, we have that 'DefExt(M){R) is 
the zero locus of the homotopy Maurer-Cartan function in 

Exti(7W)®m = 0Homc(Ext^(Op.,OpJ^,my) (2.1) 

= Alg^''(f(ExtJi(X)^),i?) (2.2) 

Here we have used our finite-dinicnsionaUty assumption on the Ext^'^s. A map 
in Algc'^(T(Ext^(7W)^), R) is a zero of HMC precisely when it induces a map 

f(Ext^(A^)V) 
(Ext^(A4)v) 

on the quotient algebra. 

The gauge group is the exponential of 

Ext^(X)0m = m^r 

i 

which is 1 + 0j tTiii C R, and it acts by conjugacy on Alg^'^(T(Ext^(A^)^), i?). 
Now an arbitrary inner C-algebra automorphism of i? is a conjugation by an 
element in 

i 

but (C*)*" is in the centre of R so the orbits under the gauge group are precisely 
inner-C-algebra-automorphism classes. 

Functoriality follows from the functoriality of equations (|2.ip and (|2.2p . □ 

We have nearly proved our main theorem. If we forget about inner automor- 
phisms, we have shown than VefM is the same as Alg^(A, —). This functor 
is pro-representable, i.e. it is represented by the completion Ap of A at the aug- 
mentation ideal (the kernel of p) , which can be thought of as a directed system 
of objects in ArtJ^. On the other hand we know VefM — ^s/Ext(Ai)' '^hich 
we have just shown to be pro-represented by 



(Ext^(A^)v) 

A pro-representing object is unique, so these two formal C-algbras must be the 
same. 

Now we just have to check that this argument still holds when we remember 
about the inner automorphisms, but this is just a matter of carefully checking 
the standard proof of uniqueness of a pro-representing object. 

Theorem 2.14. Let 

f{Ext\{MY) 



E 



then E is isomorphic as an augmented -algebra to the completion Ap of A at 
the kernel of p. 
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Proof. We have shown (Corollary 12.101 Proposition 12.111 and Proposition I2.13P 
that there is a natural isomorphism ^' between 



Alg-(A-)^Alg^-(A,,-)^^ ^^^^ 
Inner Aut. Inner Aut. 



and 



Inner Aut. 



ArVr Set 



Let J C A be the kernel of p. Let iVi : Ap ^ A/ P he the maps in the limiting 
cone on the diagram 

... ^ A/I^ ^ A/I^ ^ A/I (2.3) 

Applying to the cone {Tr;} (and picking representatives of the resulting conju- 
gacy classes) gives a set of maps ^E'tt^ : E A/P forming a cone that commutes 
up to conjugacy. In fact since every map in (|2.3p is a surjection we may induc- 
tively pick representatives such that "^^i forms a genuinely commuting cone. 
This cone then factors through some map f : E ^ Ap, and by naturality 
— of . Similarly, since E is also a limit of such a diagram, there is a map 
g : Ap E such that 4*^^ = og. 

The composition ofg is the identity transformation, so applying it to the 
cone {TTi} we see that for each i there is an inner automorphism of A/ P such 
that OiiiTifg = TTi. We know tt^ is a surjection, so iTifg must also be a surjection, 
so by a quick diagram chase the maps {at] commute with the maps in (|2.3p 
and thus lift to an automorphism dt oi Ap. Then TTidfg = tt^ for all i and hence 
afg = 1^ . Similarly there is an automorphism e of E such that egf = 1^ so 
/ and g must be isomorphisms. □ 

It has been suggested to the author by Lieven Le Bruyn (and independently 
by Tom Bridgeland) that this result should generalise to the case that is a 
set of simple (not just 1-dimensional) modules, if we weaken isomorphism to 
Morita equivalence. 



2.4 The graded case 

Let A = ^, be an N-graded C-algebra with Aq = C. The positively-graded 
part A>o of A gives an augmentation, so we may consider A to be an object of 
Alg^ . We also consider Aq as a set of r one-dimensional A-modules. 

Let A be the completion of A at A>o. The grading on A, viewed as a C* 
action, induces a C* action on A, and we can recover A C A as the direct 
sum of the eigenspaces of this action. Geometrically we may think of Aq as a 
repulsive fixed point (a source) for a C* action on A, so if we take an infinitesimal 
neighbourhood of the fixed point we can flow it outwards until we see the whole 
of A. 

There is an induced grading on B{A, Aq) which we shall call a lower grading 
to distinguish it from usual dg structure (so B{A,Aq) is now bi-graded) and 
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the differential obviously preserves this lower grading. Dualizing we get the 
dg-category U = Hom^(B(A, ylo), ^o) (see Section [2?2])- Now 

so 

=Homc(A®\C) 

so the grading on A induces a splitting of 7i as a direct product (not a direct 
sum) of lower graded pieces. The multiplication is degree zero with respect to 
the lower grading. 

Lemma 2.15. The category ExtAiAo) has an induced lower grading, and there 
is a choice of Aoo-structure on it such that all the products, and the quasi- 
isomorphism ExtA{Ao) — > Ti., preserve the lower grading. 

Proof. Extyi(Ao) aquires a lower grading since it is the homology of H and the 
differential on Ti has lower degree zero. Now we just apply the explicit form of 
the homological perturbation algorithm (see e.g. [29j, [26]), noting that since 
the differential and multiplication on Ti have lower degree zero everything in 
the algorithm can be chosen to respect the lower grading. □ 

The following theorem was proven in [55] for the case Aq ~ C There 
they assume that A is degree-wise finite-dimensional, whereas we assume that 
Ext^(Ao) is degree- wise finite-dimensional. It is a consequence of the theorem 
that the two assumptions are equivalent. 

Theorem 2.16. Choose the A^o-structure on ExtA{Aa) to he lower graded as in 
the previous lemma, and assume i?a;<^(Ao) is finite dimensional in each lower 
degree. Then 

^^_ T{Ext\{Aor<^) 
{ExtliAors) 

as graded -algebras, where Mg denotes the lower-graded C-linear dual. 
Proof. First we note that the lower-grading ensures that 

{HMCr ■■ Ext^(Ao)''^ ^ T{Ext\iAor') 

so our statement makes sense. Without the grading it is possible that the image 
of HMC^ only lies in the completed tensor algebra, as in Section 12.31 

Now we would like to use Theorem 12. 14[ but in Section we required that 
Ext^ have finite dimension, whereas now we are asking only for lower-degree- 
wise finite-dimensionality. Examining the proofs however we see that as long as 
we read \/g instead of V then line (|2.ip still holds and hence Theorem 12.141 still 
holds. Thus if we complete both sides at their positively graded parts then we 
have an isomorphism. This isomorphism respects the lower grading however, 
since the isomorphism 
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respects the lower grading by Lemma 12.151 and the isomorphism 



Vefn = Vef, 



Ao 



(Lemma 12. 7p clearly respects the lower grading. Hence we can identify the 
original algebras on both sides since they are the direct sums of the graded 
pieces of their completions. □ 



3 Superpotential algebras 

As discussed in the introduction, it is well known in the physics literature that 
the algebras arising from quiver gauge theories on Calabi-Yau three-folds can 
be described by a 'superpotential'. In this section (which probably has some 
overlap with jl5] ) we show why this is a consequence of applying our results on 
deformation theory to the special case of Calabi-Yau 3-folds. 

Let X be any complex manifold, and let E he a, vector bundle on X with 
holomorphic structure given by d. Then all other holomorphic structures on E 
are given by adding to d an element 

a e End{E) ® A"/ 

satisfying the Maurer-Cartan equation 

d{a) + a A a = 

and two such a give isomorphic holomorphic structures if they differ by a gauge 
transformation. This is dga deformation theory again (see Section [2]) - the 
deformations of {E, d) are governed by the dga 

RHom(£;, E) ~ End{E, E) ® X'x' 

However, rather remarkably in this case the dga gives us the whole moduli space, 
not just a formal neighbourhood. 

When X is a Calabi-Yau three-fold the Maurer-Cartan equation can be writ- 
ten as the derivative of a (locally-defined) function: the Chern-Simons function 

f 1 - 1 
CS'(a) := / TT{-a A d{a) + -a A a A a) AlUvoi 
Jx 2 3 

where ujyoi is a choice of holomorphic volume form on X. Thus heuristically the 
moduli space is the critical locus of this function. This means that we expect it to 
be zero-dimensional, and that the number of points in it is the Euler characteris- 
tic of the ambient space. Of course this is only heuristic, since the ambient space 
is the quotient of an infinite-dimensional vector space by an infinite-dimensional 
group. What one can do however is to construct the moduli space using alge- 
braic geometry and then use the technology of symmetric obstruction theories, 
this leads to the definition of Donaldson-Thomas invariants [3T] . 
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If we only care about formal deformations then we have a finite-dimensional 
version of the above. As in Section 12. li we can replace the dga 
End(£^, E) ® by its homology equipped with an ^oo-structure, and the 
Maurer-Cartan equation by the Homotopy Maurer-Cartan equation. This is 
still (formally) the critical locus of a function - we just have to add all the 
higher products into the Chern-Simons function. 

Suppose now we have a 3-dimensional Calabi-Yau algebra A instead of a 
space. The same argument applies, so if M is an ^-module then a formal 
neighbourhood of the moduli space of M is the critical locus of a function. In 
particular, if M is the module corresponding to a point of A then a formal 
neighbourhood of M in A is the critical locus of a function. This function is 
called a superpotential for A (at that point). We give a formal definition of 
superpotentials in Section [3. 11 and then make this argument rigorous in Section 

In fact it is easy to construct global moduli spaces of modules over A, and 
the construction is entirely finite-dimensional. Furthermore if we have a (poly- 
nomial) superpotential for A, then every moduli space of A-modules is globally 
the critical locus of a function induced by the superpotential. This means that 
(rather trivially!) the moduli spaces carry symmetric obstruction theories and 
hence we can define invariants analogous to Donaldson-Thomas invariants. We 
do this in Section [331 

In the examples discussed in the Introduction we have both a space X and 
an algebra A, and they are derived equivalent, so there is some relationship 
between moduli spaces of sheaves on X and moduli spaces of ^-modules. The 
physical picture (as we discussed in Section II. 2|) is that moving from X to A 
means that we are moving in the stringy Kahler moduli space, which mathe- 
matically probably means some space of stability conditions on the triangulated 
category D''{X). This space (or at least a conjectural version of it) has been 
constructed by Bridgeland [9]. Part of this picture is obvious: passing from 
D^{X) to the equivalent D^{A) is just a change of T-structure, which is part of 
a Bridgeland stability condition. The remaining data, called the central charge, 
should roughly correspond on the algebra side to putting a GIT stability condi- 
tion on the moduli space of A-modules. It should be possible to build a function 
over the whole of the space of stability conditions such that you can Taylor ex- 
pand it at the point corresponding to X or the point corresponding to A and 
get the generating function of the Donaldson-Thomas invariants of X or the 
Donaldson- Thomas- type invariants of A respectively. This has been carried out 
in one example by Szendroi |30j . and much interesting work is being done (e.g. 
[18], [H]), and much remains to be done, to properly understand this picture. 

3.1 Definition of superpotentials 

Let V he a C-bimodule. A superpotential is simply a sum of cycles in the path 
algebra of V taken up to cyclic permutation, i.e. an element 

W e TV/ [TV, TV] 
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If we instead use the completed tensor algebra we have a formal superpotential, 
i.e. an element of TV/ [TV, TV] . Note that in the introduction we identified 
these spaces with the spaces of cyclicly symmetric elements in TV and TV. 

Roughly, we are interested in the (non-commutative) affine scheme described 
by the critical locus of W, but we have to take a little care with our definition 
of partial derivative. 

Definition 3.1. Let x G . For any t we define the cyclic partial derivative 
in the direction of x as the map 

t 

d°{vi (8) ... ® wt) = X/ <^ ■■■ wt <8) wi iX) ... Vs-i 

s=l 

Taking direct sums/products we get maps 

d° : TV/ [TV, TV] TV 

and 

d° : TV/ [TV, TV] -> TV 

Definition 3.2. The algebra generated by a superpotential W is TV/ {R) where 
R is the subspace 

R = d°W := {d°W I xeVjcTV 

If is a formal superpotential then it generates the algebra TV/ (R) with the 
same definition of R. 

3.2 3-dimensional Calabi-Yau algebras 

As in Section [231 we pick an augmented C-algebra {A,p) G Alg^ and as- 
sume that the resulting set of r one-dimensional A- modules A4 = {Op-} has 
Ext\{Op-,Opj) finite dimensional Vi,j. 

Recall that an A^o category {C,mi) is Calabi-Yau of dimension d if it carries 
a trace map 

TrM : Hom(Af, M) -> C 

of degree —d for each object M e C which is closed with respect to the differential 
on Hom(Af, M), such that the multilinear maps 

Ttm o riii : IIom(M, Mi) ® Hom(Afi, M2) ® Hom(Mi_i, M) C 

are (graded) cyclically symmetric. The bilinear pairing 

( ) M,N ■■= T^M o ma : Hom(A/, N) ® Hom(A^, M) C 

is required to be non-degenerate on homology. 
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The canonical example is the derived category D''{X) of a compact smooth 
Calabi-Yau variety X with the Serre duality pairing (see e.g. [12], Section 2.2). 
We take a dg-model of the derived category whose objects are finite complexes 
of vector bundles, with morphisms between complexes E* and F* given by the 
complex 

Hom(£;*,F* (grj^*) 

where $7*^* is the complex of (0, *)-forms with the exterior differential. The 
Calabi-Yau pairing is 

{a\P) = / Tr(a A /3) A vol 
Jx 

where vol is a holomorphic volume form. Cyclic symmetry follows from the 
symmetry of Tr and A. It is then possible to run the homological perturbation 
algorithm for this example in such a way that cyclic symmetry is preserved 
([55]), so we get a Calabi-Yau Aoo-structure on D''{X). 

For our non-compact examples in Section [5] we will get cyclicity by another 
construction. In general the cyclic symmetry of a pairing on an Aoo-category 
seems to be a delicate notion (e.g. it is not clear that it is preserved by homo- 
logical perturbation), and should maybe be relaxed to some homotopy invariant 
notion ([22], Chapter 10). 

Theorem 3.3. Suppose that {A4) C D^{A) is Calabi-Yau of dimension 3. Then 
the completion Ap of A at the kernel of p is given by a formal superpotential. 

Proof. We learnt this construction from 26J . Consider the formal superpotential 
W e fiExt\{Mr) I [f (Ext^(>[)^),f (Exti(A^)^)] 

defined by 

W{a\ ® ... ® at) := - ( ai I mt-i{a2 ® ... (g at) ) (3.1) 

where {m^} are the A^o products on Ext^(7W) and {■]■) denotes the Calabi- 
Yau pairing on {AA). This is well-defined by the cyclicity of mt. Then for 
X G Ext^(7VJ) we have 

t+\ 

dlW{ai® ...®at) = ^ W(as ® ... (g) at ® a; (g) ai (g) ... (g) a^-i) 

s=l 

= {x\ mt(ai g) ... g) at) ) 
However, if we recall the definition of the HM C function 

HMC = mi : T(Ext^(A^)) ^ Ext^(7W) 

i>0 

we see that we have shown 

dlW = HMCix) 

under the identification Ext^(A^)^ = Ext^(A^) given by (-I-). Hence by Theo- 
rem [5?T1] the algebra generated by H^ is ^p. □ 
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Combining this construction with what we know about graded algebras (The- 
orem [2?16]) we recover a result of Bocklandt. 

Theorem 3.4. Let A be a graded degree-wise finite- dimensional algebra with 
Aq semi-simple and with the subcategory of D^{A) generated by the summands 
of Aq Calabi-Yau of dimension 3. Then A is given by a superpotential. 

Note that we do not require that the whole of D^{A) be Calabi-Yau. Indeed 
this will not be the case for the algebras coming from non-compact Calabi-Yau 
varieties that we study in Section [4] below. Also note that the proof in [7] 
constructs a cyclic A^o structure directly rather than assuming it. 

3.3 Donaldson-Thomas-type invariants 

Let A be a C-algebra with generators V and relations R C TV. The moduli 
space of A-modules and the role of GIT stability conditions for it was explained 
in [20j . the following is a summary. 

The dimension vector of an A-module M is just the vector 

d ^ (di, ...,dr) 

where di is the dimension of the ith summand Mi of M. To give an A-module 
of dimension d we have to give a representation of A on the C-module 

i 

To start with forget about the relations, and consider the set of representations 
of TV on C*. These form the C-bimodule 

since an element of this space is precisely a linear map 

-^HomclC'NC'^O 

for all i,j. Now a relation r G i? is an element of TV, and so it induces, using 
the composition in Endc(C'*), a polynomial map 

r : t/^^EndclC^) ^ EndclC*) 

The zero locus of r is just those representations that obey the relation r. An 
A-module structure on is a representation that obeys all the relations, so the 
scheme of A-module structures on is the common zero locus Z of all such 
r € R. 

Two such modules are isomorphic if they differ by a change of basis in C^, 
which is an clement of the group 

GL{d) ■.^Y[GL{d^,C) 
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Hence the moduli stack of ^-modules of dimension d is 

MA,d^[Z /GL{d)] 
If we pick a character ^ of GL{d) then we can instead take the GIT quotient 

M,d-^//?GL(d) 
A character of GL{d) is necessarily of the form 

r 

for some r-tuple of integers {Oi). Hence given a character ^ we can define a 
function 

65 : KoiA-mod) Z 
by sending a module of dimension vector d to the integer 

i 

This function is indeed well defined on Kq because each di is additive over short 
exact sequences. 

Definition 3.5. [20] Let 8 : Ko{A—mod) ^ R be an additive function. A 
module M is 6-semistable (resp. 0-stable) if Q{M) — and every proper 
submodule N C M has e{N) > (resp. > 0). 

Two 0-semistable modules are called S- equivalent if they have the same 
composition factors in the abelian category of 0-semistable modules. 

Theorem 3.6. 1201 ^ is a coarse moduli space for Q^-semistable A-modules 
up to S-equivalence. 

We say d is indivisible if it is not a multiple of another integral vector. 

Theorem 3.7. fSQ/ If d is indivisible and there are no strictly Q^-semistable 
modules of dimension d then A^'^j ^ is a fine moduli space for Q^-stable A- 
modules. 

Now we consider this construction when yl is a superpotential algebra given 
by a superpotential W. We will show that in this case ^ carries a natural 
symmetric obstruction theory. 

It is common in algebraic geometry that moduli spaces fail to have the 
'expected' dimension that a naive calculation predicts. If one then tries to 
produce invariants by integrating cochains over the moduli space then one gets 
unhelpful results, because the cochains of the 'correct' degree are not top-degree 
and integrate to zero. Obstruction theories (introduced by [4] and others) are 
pieces of technology that resolve this problem (at least if the actual dimension is 
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bigger than the expected dimension), by producing a virtual fundamental class 
on the moduli space, of degree equal to the expected dimension. One can then 
integrate against this, instead of against the usual fundamental class. 

The intuition behind obstruction theories is simple. Suppose that your mod- 
uli space X is cut out of an ambient space Y by some section a S T{E) of a 
vector bundle. The expected dimension of X is then dim(l")— rank(i?), and if a 
is transverse then this is also the actual dimension. Suppose now that a is not 
transverse, then the derivative of a at its zero locus X gives an exact sequence 

O^TX ^ TY\x ^ E\x Obs 

where Obs (the obstruction sheaf) is some sheaf on X given by the cokernel of 
Da. If Obs is a vector bundle then we can imagine perturbing a by adding on a 
small transverse section t £ T(Obs). Then cr + r is transverse, and its zero locus 
is the zero locus of r in X, which is the euler class of Obs. This has degree equal 
to the expected dimension. Now we can abstract this: an obstruction theory on 
X is (roughly) a sheaf Obs on X and an exact sequence 

-> TX El -> E2 -> Obs ^ 

where Ei and E2 are vector bundles. The associated virtual fundamental class 
is eu{Obs) if X is smooth (see [4j for the general technology). 

A symmetric obstruction theory corresponds to the special case when E = 
T*X and a is the derivative of a function. This means that the exact sequence 
given by Da is self-dual, since the Hessian of a function is a symmetric matrix. 
Symmetric obstruction theories were introduced in and are the right tech- 
nology for Donaldson-Thomas invariants (as explained at the start of Section 

However, in our case much of this advanced technology is redundant, since 
what we are going to show is that our moduli spaces ^ are genuinely the 
critical locus of some function on a finite dimensional space. 

Recall that W is required to be a sum of cycles in TV . Using the composition 
in Endc(C'*) it induces a map 

W : VmndciC'^) ^ 0Endc(C'^O 

i 

Now we can take traces at each of the r vertices and sum them, getting a scalar 
polynomial function 

W : mndci'C'^) C 
W = Tt{W) 

Proposition 3.8. The (scheme-theoretic) critical locus of W is precisely the 
(scheme-theoretic) zero locus Z of the relations. 

This is just the statement that the partial derivatives of W are the polyno- 
mials on y^®Endc(C'^) induced by the relations. 
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Proof. Pick the standard basis of so that elements of Endc(C'*) are matrices. 
The heart of the proof is just the fact that if we take two independent matrices 
M and N and then partially differentiate the function 

Tt{MN) 

holding N fixed, we get the matrix N'^ . More generally if {Mi, Mi} are 
independent matrices and we partially differentiate the function 

Tr(M,,...M,J (3.2) 

by varying Mj we get the transpose of the matrix 

Y,M,^^,...M,^M,,...M,^_, (3.3) 

Now pick a basis {ei, ..,e;} of V and a let the dual basis of V"^ be {ei, ...,€;}. 
Then an element M e l/^®Endc(C'*) is given by a set of matrices {Afi, M;}, 
and evaluating the function W at M gives a linear combination of terms of the 
form of p.2p . Thus taking partial derivatives of W in all of the Mj directions 
gives a function 

F''®Endc(C'*) ^ Endc(C'*) 

which is the transpose of the corresponding sum of terms of the form (|3.3p . If we 
recall our Definition 13. II of the cyclic partial derivative we see that this function 
is the transpose of 

d°W : F''®Endc(C'*) ^ Endc(C'*) 

Since the set R of relations is spanned by d°.W the proposition is proved. □ 

Corollary 3.9. // there are no strictly S^-semistahle points in ®_Endc{^'^) 
then ^ carries a symmetric obstruction theory. 

Proof. Since there are no strictly semistables the ambient space 

Ai V^^0Endc(C'^) /U GL{d) 

is smooth. By invariance, W descends to a function on A^^ whose critical locus 
is d- "^^^ Hessian of this function gives a symmetric obstruction theory. □ 

Associated to this obstruction theory is a virtual fundamental class [M^^ <i\™^ • 

Definition 3.10. Let d be indivisible, and assume (i) there are no strictly 0^- 
semistable modules of dimension d, and (ii) ^ is compact. Then we define 
the Donaldson-Thomas-type invariant 



29 



In light of Theorem 13 . 71 this really is an invariant of the pair {A, 6^), it does 
not depend on our presentation of A or even on our choice of r idempotents (in 
fact it should probably be thought of as an invariant of (A— mod, 9^) but we 
do not know how to make this precise). Furthermore, by the usual obstruction 
theory arguments it is invariant under deformations of W that leave ^ 
compact. 

It might appear that NA,d,0f depends on the obstruction theory. However, 
as Behrend has shown in [3], the virtual count under a symmetric obstruction 
theory is in fact an intrinsic invariant equal to a weighted Euler characteristic 

x{X,i^x) = ^nxiii^x = n}) 

where v is a, constructible function defined by Behrend that exists on any DM 
stack and measures the singularity of the space. Using this we can drop the 
compactness assumption and define 

Na^.b, =x(A^i,d'^) 

though if AA^A d compact then we should not expect this to be deformation 

invariant. 

We hope to pursue these invariants further in future work. For the moment 
however we content ourselves with the following observation. 

Lemma 3.11. Assume there are no strictly £^-semistable points in V'^ ^Endci'C'^) ■ 
Suppose that A4^j^ ^ is confined (scheme-theoretically) to a compact submanifold 

Then A^^l d smooth. 

Proof. is a holomorphic function on A^ so it is constant along A/", so dW 
restricted to A/" is a section of the conormal bundle N^. The zero locus of this 
section is ^. At any point of ^ the symmetric obstruction theory (i.e. 
the Hessian of W) is an exact sequence 

^ TA^i^d TM (S N^f ""-^ T^'MoN)^ Obj^,^ ^ 

By assumption TA^^ ^ C TAf, so T'^Af is an injection, and dually 

TJ\f must be a surjection. Hence dW\j\f is a transverse section of the 

conormal bundle, and A/(^ ^ is smooth. □ 
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4 The derived categories of some local Calabi- 
Yaus 



4.1 Ext algebras on local Calabi-Yaus 

For any smooth scheme Z, there is a 'formal' way to extend Z to a Calabi-Yau, 
namely we use the embedding 

L : Z ^ wz 

of Z as the zero section in the total space of its canonical bundle. In this section 
we prove that this procedure is reflected at the level of (^oo-enriched) derived 
categories, i.e. that 

L*D\Z) c D\ljz) 

is a formal Calabi-Yau enlargement of D^{Z). There is a slight subtlety here: 
D''{luz) is not actually Calabi-Yau since loz is non-compact, however if Z is 
compact then objects in uD^{Z) are compactly supported, so this subcategory 
is Calabi-Yau. In any case, let us first explain what we mean by 'formal Calabi- 
Yau enlargement'. 

Let m -.V ®V he any bilinear map on a vector space. We claim that 
m naturally extends to a bilinear map 

such that the associated trilinear dual 

is cyclically symmetric. This is straightforward: we let m'^ be the direct sum of 
m with the two maps 

mi-.V (^V^ ^V"^ 

and 

ma : O F ^ 

obtained by dualising and cyclically permuting m (on the fourth direct summand 
we declare nf to be zero) . We shall call rrf the cyclic completion of m. Of course 
this construction is hardly profound, so no doubt it has been studied and named 
already, but unfortunately we do not have a reference for it. 

In the same way we may cyclicly complete any collection of n-linear maps. 
Furthermore we claim that this process is sufScently natural that any algebraic 
structure present in the set of maps will be preserved. For example, if 

m:V®V 

is an associative unital product, then one easily checks that m'^ is associative 
and inherits the unit of m. In fact in this case our construction is nothing more 
than the extension algebra associated to the {V, m)-bimodule , but the point 
is that for this particular bimodule the extension algebra is a Frobenius algebra. 
The general statement is the following: 
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Proposition 4.1. Let V be a cyclic operad in dgVect or dg-C-bimod, and 

let U*V be the underlying classical operad. Let 

^ : U*V £ndv 

be an algebra over U*V whose underlying dg vector- space is V . Then V © 
is naturally an algebra over V. 

For the definitions of cyclic and classical operads see [TT] . 

Proof. We construct a natural transformation of classical operads 

$ : U*r Sndvmv^ 

by intertwining the procedure above with the action of the cyclic groups on V 
(for the operad of Frobenus algebras this action is trivial) . Let the components 
of be 

: U*Vin) Hom(y^",y) 
and let 7„ be a generator of the cyclic group C„+i. We define 

: U*rin) ^ Hom((y © 1/V)»n^ y ^ yW^ 

to be the direct sum of 'i'n and all the compositions 

U*P{n) 1^12^ Hom(y®", V) ^ Hom(y^'=-i ® y«>n-k^ yv-j 

This procedure commutes with the process of gluing maps together along graphs, 
so it does define a natural transformation of operads. 

Pick a pairing p on (T^©y^)^ compatible with the natural pairing on VQV'^ 
(if V has finite-dimensional homology then p is unique up to homotopy, so this 
choice should not worry us). Then Sndy^yv is a cyclic operad and there is a 
natural transformation 

Sndvev^ U*£ndy^yj 

The composition of this with $ is equivariant with respect to the actions of the 
cyclic groups by construction, so it lifts to a map 

V — > Endy^ysj 

□ 

The lemma remains true if we fix the dimension of the pairing by forming 
the n- dimensional cyclic completion 

y ©y^'hn] 

In particular we may form the 7i-dimcnsional cyclic completion of an ^txj- 
algebra. 
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Theorem 4.2. Let Z be a smooth proper scheme of dimension n — 1, and let 

L : Z LO 

be the embedding of Z into its canonical bundle. Then for any S G D^{Z), the 
Aao-algebra 

Ext^{L^,S, i^^S) 
is the n-dimensional cyclic completion of Extz{S,S). 

Proof. Let tt : lo ^ Z he the projection. We have a tautological exact sequence 
(which we draw right to left to ensure a happy typographical coincidence later 
on): 

^ L,Oz '-O^^ t:*uj^ ^ (4.1) 
so there are quasi-isomorphisms of chain complexes 

RHom^(t*5',6,S') = RHom^(7r*5 <^ 7r*(S'®w^), l^S) (4.2) 
= RHomz(S',S') ©RHomz(5'®w^,S')[-l] (4.3) 

since r vanishes along the zero section. This latter admits a dga structure if we 
identify RHom2(<S', 5") with RHom2(S' ® uj^ ,S uj^) and declare the product 
of two elements in RHom(5' (8> t^^^, 5) to be zero. This dga structure is cyclic 
with respect to the Serre duality pairing, so it is in fact the n-dimensional cyclic 
completion of RHom2(5', 5"). 

We claim that under this dga structure the equation (|4.3p is actually a dga 
quasi-isomorphism. To see this take a dga model of the LHS of the form 

RHom^(7r*S' <^ tt* {S (g) cu'' ) , Tr*S <^ tt* {S (g) uj'^ )) 

What we mean here is that we should apply RHom termwise. This gives us a 
two-by-two term complex that looks like the square on the RHS of the following 
diagram (we suppress the 7r*'s to keep the width manageable): 

RHomz(5, 5)^ RHom^(S', S) ^ RHom^(S', S®uj'^) 

T T 

RHomziS (g) u"" , S)[-l] ^ - - RHom^(S' ® w^, S')[-l] RHom^(5 w^, S" 

The dga structure on this two-by-two term complex is easy to describe (by a 
happy typographical coincidence...): treat an element of the RHS square in the 
above diagram as a two-by-two matrix, then the product is precisely matrix 
multiplication. The dashed arrows are the cokernels of each row, we know what 
these are from the tautological exact sequence ()4.ip . The two dashed arrows 
together form the quasi-isomorphism of (j4.3p . 

The dashed arrows do not form a map of dgas. However, consider the map 
going in the opposite direction, from the LHS two-term complex to the RHS 
two-by-two term complex, obtained by summing the maps 

TT* : RHomz(5, S) RHom^(S', S) 
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TT* : RHomz(5, S) RHom^(5 uj"" , S lu'') 

and 

TT* : Rllomz{S(E)uj'',S)[-l] RHoni^(S' ® t^"", 

It is easy to check that this map respects the product structures on each side, 
so it is a map of dgas. It is also a right inverse to the quasi-isomorphism given 
by the dashed arrows, hence it is a dga quasi-isomorphism. We conclude that 
RIIomij(t*5', L^tS) is the n-dimensional cyclic completion of RIIom2(5, S). 

Now we apply the homological perturbation algorithm (e.g. [29], [26]). We 
have to pick maps 

i 

Fixt^{L^S, L^S) < ' RHomi^ft^S*, l^S) 
p 

and a homotopy h such that pi = 1 and ip = 1 + d{h). We can pick i,p 
and h such that they are the cyclic completions of corresponding maps between 
^ixtziS^ S) and RHom2(S', S"), it is then clear that running the algorithm on 
RHomij(/,*S', L^,S) is the same as running it on RIIom2(S', S) and then cyclically 
completing. □ 



4.2 Completing the algebra of an exceptional collection 

Now we specialize to the case discussed in the introduction, where Z is a surface 
and w is a local CY three-fold. Furthermore we assume that we have been given 
a finite full strong exceptional collection of objects {Ti} C D^{Z). Known 
examples include the del Pezzo [23] and ruled surfaces [24] . 

This leads to the following description of the derived category: if we denote 
the direct sum of the collection by T = ffii=iTi then T is a tilting object, i.e. 

RHoni(T, -) : D^{Z) ^ D\¥.ndz{T)) (4.4) 

is a triangulated equivalence. The fact that we use only Endz(T) instead of 
RHom^ (T,T) is because there are no higher Ext's (the collection is strong), 
and the fact that this is an equivalence is because the collection generates the 
whole derived category (it is full). The astute reader will have noted that this 
functor produces right modules not left modules, so to be consistent with the 
rest of this paper we should (but won't) replace 'EtTiAz{T) with its opposite 
algebra. 

We make one further assumption on {Ti\, that for any i,j and p > we 
have 

Ext|(r^,rj ^w^'') = 

for all fc > 0. The case p = is just the meaning of the word 'strong'. We shall 
call this a simple collection (after [5]), it is a generalization of what Bondal and 
Polishchuk call 'geometric' [S], though their definition is in terms of mutations 
of the collection. However they show that a geometric collection can only exist 
on a variety where 

rk K{Z) = dim(Z) + 1 
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in which case (as they also show) their definition is equivalent to ours. Simple 
collections exist on all the del Pezzos and on the ruled surfaces at least up to 
F2. 

The algebra A := End2(T) has a very simple form. Since T is the direct 
sum of r objects it is clear that A may be described as the path algebra of a 
quiver with r nodes plus some relations. Also, by the axioms for a full strong 
exceptional collection, we may order the Ti so that the Hom's only go in one 
direction (say increasing i) and so the quiver is directed. Thus we may give A 
an N-grading by declaring llomz{Ti, Tj) to be of degree j — i- The degree zero 
piece is just (BiEndz{Ti) — C. Hence A is of the correct form for Theorem l'i.lGI 
to apply, so it is given by a presentation 

: Ext^(Ao, Ao)'' ^ rExtJi(Ao, Aq)^ (4.5) 

for TO a (graded) Aoo-structure on Ext^(^o,^o)- 

Now form the local Calabi-Yau luz- It is straight-forward [8^ to show that 
the pull-ups of the Ti to ojz generate D''{ujz)- The projection formula gives 

Ext^(7r*T,^*T) = 0Extz(T,T®w7) (4.6) 
p>o 

so by our condition all the higher self- Ext 's of 7r*r vanish. Thus 7r*T is also a 
tilting object and 

D\u;) = D\End^{7r*T)) 

The question we asked in the introduction was: given a presentation of the form 
(|4.5p for A, can we give a presentation of 

A End^(7r,T)? 

The answer, we claimed, is that A is given by the cyclic completion of the quiver 
corresponding to the presentation (|4.5p . 

We now fill in the final details in the justification of this answer. Using (|4.6p 
we see we may also give A an N-grading, if we declare 

Ilomz{T,,Tj(g,uj~P) 

to have degree j — i + rp. The degree-zero piece is still C", so ^ also admits a 
presentation of the form 

: Ext|(io,io)'' rExt^(io, ^o)'' (4.7) 

Let 

r 

1=1 

denote the image of ^0 G D''{A) under the derived equivalence (|4.4|) . The Si 
form a dual exceptional collection to the Ti. One checks [5] that l^,S is the 
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object in D^{u)z) corresponding to Aq. We claim (Lemma 14.31 below) that a 
derived equivalence obtained by tilting is necessarily an Aoo-equivalence, so 

ExtA(Ao,Ao) -Extz(5, S) 

and 

Ext^(Ao, ^o) = Ext^(i,5, 

as Aoo-algebras. Thus by Theorem l4.2I Ext ;j;(An. An) is the 3-dimensional cyclic 
completion of ExtAi^Q, Aq). This means that the presentation (|4.7[) is really 
the map 

Ext\{Ao,Aoy ® Ext^(Ao, Ao) ^ T (Ext^(Ao, Aq)^ ® Ext^(Ao, ^o)) 

given by dualising the cyclic completion of the map m in (|4.5p . This corresponds 
precisely to the process we described of cyclicly completing the quiver. 

This presentation may be encoded in a superpotential using the construction 
from Theorem 13.31 

There is one element missing in this story - really we should give a criterion 
for an arbitrary presentation of A to arise from an A^o structure in the manner 
of (|4.5p . It seems plausible that the proof in [22] might yield such a criterion. 
As it is we shall just assume that any reasonable presentation does arise in this 
way. 

Lemma 4.3. Suppose that the derived category D^{C) of some abelian cate- 
gory C has a tilting object T — ®Ti, and let A = Endz{T). Then the derived 
equivalence 

^ = RHomc{T, -) : D\C) ^ D\A) 
is in fact a dg (or Aao) equivalence, i.e. for any E E C we have 

RHomc{E, E) ^ RHoniAi'^E, 'i'E) 

as dgas. 

Proof. Sending E through ^' and back produces a resolution £ E in terms of 
the Ti. There are no higher Exts between the Ti, so 

R'Homc{E,E) = Homc(f ,f) 

For the same reason 'i/E = Homc(T, £), which is a complex T of the projective 
modules {Ai := ^Ti} that is isomorphic to £. Thus 

RRouiAi'^E, ^^E) = }iomA{T,T) = Homc(f ,f) 

□ 



36 



References 

[1] Paul S. Aspinwall and Lukasz M. Fidkowski, Superpotentials for quiver 
gauge theories, J. High Energy Phys. (2006), no. 10, 047, 25 pp. (electronic). 
MR MR2266656 (2007g:81091) 

Paul S. Aspinwall and Sheldon Katz, Computation of superpotentials for 
D-branes, Comm. Math. Phys. 264 (2006), no. 1, 227-253. MR MR2212222 
(2007b:81178) 

K. Behrend, Donaldson-Thomas type invariants via microlocal geometry, 
2005, |arXiv:math/0507523 ^f2. 

K. Behrend and B. Fantechi, The intrinsic normal cone. Invent. Math. 128 
(1997), no. 1, 45-88. MR MR1437495 (98e:14022) 

A. A. Beilinson, Coherent sheaves on P" and problems in linear algebra, 
Funktsional. Anal, i Prilozhen. 12 (1978), no. 3, 68-69. MR MR509388 
(80c:14010b) 

Aaron Bergman and Nicholas Proudfoot, Moduli spaces for D-branes at the 
tip of a cone, J. High Energy Phys. (2006), no. 3, 073, 9 pp. (electronic). 
MR MR2222961 

R. Bocklandt, Craded Calabi Yau algebras of dimension 3, 2006, 
arXiv:ma th/0603558| ^l. 



Tom Bridgcland, T-structures on some local Calabi-Yau varieties, J. Alge- 
bra 289 (2005), no. 2, 453-483. MR MR2142382 (2006a:14067) 

, Spaces of stability conditions, 2006, |arXiv:math/0611510^ 1. 



Tom Bridgeland, Alastair King, and Miles Reid, The McKay correspon- 
dence as an equivalence of derived categories, J. Amer. Math. Soc. 14 
(2001), no. 3, 535-554 (electronic). MR MR1824990 (20021:14023) 

Kevin Costello, The Aoo operad and the moduli space of curves, 2004, 
|arX iv:math/ 0402015|^2. 

, Topological conformal field theories and Calabi- Yau categories. 



2004, |axXiv:math/041 2149^7. 

Alistair Craw and Gregory G. Smith, Projective toric varieties as fine mod- 
uli spaces of quiver representations, 2006, arXiv:math/0608183^ 2. 

M.R Douglas and G. Moore, D-branes, quivers, and ALE instantons, 1996, 
arXiv:hep-th/960316 7yl . 

Victor Ginzburg, Calabi-Yau algebras, 2006, arXiv: math /06 1 2 1 39^ 3 . 



37 



[16] V. K. A. M. Gugenheim and J. D. StashefF, On perturbations and Aqq- 
structures, Bull. Soc. Math. Belg. Ser. A 38 (1986), 237-246 (1987). MR 
MR885535 (88m:55023) 

[17] Amihay Hanany and Edward Witten, Type IIB superstrings, BPS 
monopoles, and three-dimensional gauge dynamics, Nuclear Phys. B 492 
(1997), no. 1-2, 152-190. MR MR1451054 (98h:81096) 

[18] Dominic Joyce, Holomorphic generating functions for invariants counting 
coherent sheaves on CalabiYau 3-folds, 2006, arXiv:hep-tli/0607039i'l. 

[19] Bernhard Keller, A-infinity algebras in representation theory, Represen- 
tations of algebra. Vol. I, II, Beijing Norm. Univ. Press, Beijing, 2002, 
pp. 74-86. MR MR2067371 (2005b:16021) 

[20] A. D. King, Moduli of representations of finite- dimensional algebras, Quart. 
J. Math. Oxford Ser. (2) 45 (1994), no. 180, 515-530. MR MR1315461 
(96a:16009) 

[21] Maxim Kontsevich, Deformation quantization of Poisson manifolds, Lett. 
Math. Phys. 66 (2003), no. 3, 157-216. MR MR2062626 (20051:53122) 

[22] Maxim Kontsevich and Yan Soibelman, Notes on A-infinity alge- 
bras, A-infinity categories and non- commutative geometry. I, 2006, 
arXiv:math/0606241y 2. 

[23] S. A. Kuleshov and D. O. Orlov, Exceptional sheaves on Del Pezzo surfaces, 
Izv. Ross. Akad. Nauk Ser. Mat. 58 (1994), no. 3, 53-87. MR MR1286839 
(95g: 14048) 

[24] A. B. Kvichansky and D. Yu. Nogin, Exceptional collections on ruled sur- 
faces, Helices and vector bundles, London Math. Soc. Lecture Note Ser., vol. 
148, Cambridge Univ. Press, Cambridge, 1990, pp. 97-103. MR MR1074785 
(91m:14068) 

[25] O. A. Laudal, Noncommutative deformations of modules. Homology Ho- 
motopy Appl. 4 (2002), no. 2, part 2, 357-396 (electronic). The Roos 
Festschrift volume, 2. MR MR1918517 (2003e:16005) 

[26] Calin I. Lazaroiu, String field theory and brane superpotentials, J. High 
Energy Phys. (2001), no. 10, Paper 18, 40. MR MR1877563 (2003h:81179) 

[27] Kenji Lefevre-Hasegawa, Sur les A^q- categories, 2003, PhD thesis. 

[28] D.-M. Lu, J.H. Palmieri, Q.-S. Wu, and J.J. Zhang, A-infinity structure on 
Ext-alqebras, 2006, |arXiv:math/0606144|i^l. 

[29] S. A. Merkulov, Strong homotopy algebras of a Kdhler manifold, Intcrnat. 
Math. Res. Notices (1999), no. 3, 153-164. MR MR1672242 (2000h:32026) 



38 



[30] B. Szendroi, Non- commutative Donalds on- Thomas theory and the conifold, 
(2007), a rXiv:0705.341& i^2. 



[31] R. P. Thomas, A holomorphic Casson invariant for Calabi-Yau 3-folds, and 
bundles on K3 fibrations, J. Differential Geom. 54 (2000), no. 2, 367-438. 
MR MR1818182 (2002b:14049) 

[32] Mictiel van den Bergh, Non- commutative crepant resolutions, The legacy 
of Niels Henrik Abel, Springer, Berlin, 2004, pp. 749-770. MR MR2077594 
(2005e:14002) 



39 



